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A REMARK ON THE REEB FLOW FOR SPHERES 



ROGER CASALS AND FRANCISCO PRESAS 



Abstract. We prove the non-triviality of the Reeb flow for the standard contact spheres S^"+^, 
n 7^ 3, inside the fundamental group of their contactomorphism group. The argument uses the 
existence of homotopically non-trivial 2-spheres in the space of contact structures of a 3-Sasakian 
manifold. 



^D , Let (M, ^) be a closed contact manifold. Consider the space C{M,S^) of contact structures isotopic 



to ^. This space has been studied in special cases. See [El] for the 3-sphere and [Bo], [Ge] for torus 
bundles. In the present note we prove the non-triviality of its second honiotopy group for 3-Sasakian 
manifolds, sec [BG]. 



Theorem 1. Let (Af, ^) be a 3-Sasakian manifold, then rk(7r2 (C(M, ^))) > 1. 

Cn I Let (§''"+•^,^0 = kerofo) be the standard contact sphere with the standard contact form. The non- 

trivial spheres in C(§'*"+"^,^o) allow us to answer a question posed in [Gi]: 

O' 

ry^ • Remarque 2.10: On pent se demander s'il n'y a pas, dans Cont(S'^"+^, ^o), un lacet positif contractile 

plus simple que dans PC/(n, 1) et par exemple si le lacet pt, t G S^, n'est pas contractile. C'est peu 
probable mais je n'en ai pas la preuve. 



The answer we provide is the following 



Corollary 2. The class in 7ri(Cont(§^""'""'^,^o)) generated by the Reeb flow of ao is a non-trivial 

Cn , element of infinite order for n 7^ 3. 

^ ' 
10 ' In Section 1 we introduce the objects of interest and necessary notation. The geometric construction 

00 I underlying the results is explained in Section 2. It is a generalization to higher dimensions of ideas 

found in [Ge]. Theorem 1 is concluded. Section 3 contains the argument deducing Corollary 2. Sec- 
tion 4 extends the results to higher homotopy groups. 



Acknowledgements: We are grateful to V. Ginzburg for useful discussions. The first author thanks 
O. Spacil for valuable remarks. 

1. Preliminaries 



^\f . 1.1. Contact structures. 

H ■ 

Cu ' Definition 3. Let M^"+^ be a smooth manifold. A codimension-1 regular distribution £^ is a contact 

distribution if there exists a 1-form a G f2^(A/) such that kera — £, and a A da"" is a volume form. 

The structure described above is known as a cooriented contact structure. Since the non-coorientable 
case is not considered in this article, we refer to a cooriented contact structure simply as a contact 
structure. The smooth manifold M will be assumed to be oriented. The contact structures to be con- 
sidered will be positively cooriented, i.e. the induced orientation coincides with that prescribed on M. 

The definition is independent of the choice of 1-form a' = e^a, for any / G C°°{M,M.). Let 
Cont(M, ^) = {s G Diff(M) : ds*^ = ^} be the space of diffeomorphisms that preserve the con- 
tact structure. These diffeomorphisms are called contactomorphisms. The connected component of 
the identity of Cont(M, ^) will be denoted by Conto(Af, ^). C(Af, ^) will stand for the space of positive 
contact structures in M isotopic to £,. The unique vector field R such that 

ina — 1, i^da — 0, 
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2 ROGER CASALS AND FRANCISCO PRESAS 

is called the Reeb vector field associated to a. 

A vector field X G r(TM) preserves the contact structure if it satisfies the following pair of equations 

ixoi = H, 
ixda = —dH + {ijidH)a, 

for a choice of a and a function H G C°° {M, M) . Such a function is called the Hamiltonian associated 
to the vector field. This correspondance defines a linear isomorphism between the space of vector fields 
r^(TM) preserving the contact structure ^ and the vector space of smooth functions C°°(M, K). By 
definition, a contactomorphism (j) G Conto(M, ^) admits an expression as (j) — (j)i for a time dependent 
flow {i^t}te[o,i] generated by a time dependent family Xt G r^{TM). Therefore, its flow {cpt} can be 
generated by a time dependent family of smooth functions {Ht}. 



1.2. Contact flbrations. A smooth fibration n : X — > B is said to be contact for a codimension-1 
distribution ^ C TX if for any fiber Fp ~ tt^^{p) ^-> X , the restriction of the distribution e*^ is a 
contact structure on the fibre. We assume that the distribution ^ is cooriented. Any a G Vt^{X) such 
that ^ = ker a will be referred to as a fibration form. 

Let TT : X — > B he & smooth fibration. The vertical subbundle V C TX is defined fiberwise by 
Vx = kerd7r(a;), Vx G X. An Ehresmann connection is a smooth choice of a fiberwise complementary 
linear space H^ for Vx inside TxX. Therefore, the map diTx : Hx — > TBj,(^x) is a linear isomorphism 
and there is a well-defined notion of parallel transport. 

There is a canonical connection once a contact fibration (tt, ^ = ker a) is fixed. The connection H 
is defined at a point a; G X to be the annihilator of the vector subspace Vx f) ^x with respect to the 
quadratic form {^,da). It is complementary to Vx since 14 n ^a; is a symplectic space for the 2~form 
da. The connection is independent of the choice of fibration form a. See [Pr] for details on the 
following facts. 

Lemma 4. The parallel transport of the canonical connection associated to a contact fibration is by 
contactomorphisms. 

Lemma 5. Let (i^, kerao) be a closed contact manifold. Let i: : F xlf' — > B^ be a contact fibration 
with fibration distribution defined by the kernel o/ a — ao + HdO , for some function H : F xU)'^ — > M. 
satisfying \H\ = 0{r'^). Fix a loop 7 : S"'^ — > D^, defined as 7(0) = j{ro,0) in polar coordinates. 
Then, the contactomorphism of the fiber Fx (rg , 0) defined by the parallel transport along 7 is generated 
by the family of Hamiltonian functions {Geij?) = — i?(p, ?'0j ^)}ee[o.27r] • 

Let us study general contact fibrations over a 2-disk D^. Fix a contact fibration tt : X — > D^ with 
distribution ^ = ker a. Consider the radial vector field Y = dr, defined on D^ \ {0}. It can be lifted to 
X by using the canonical contact connection. This produces a vector field Y : X\Fo — > TX. Once an 
angle 6*0 is fixed it can be uniquely extended to G D^. In such a case, denote by (j)r,eo ■ Fo — > F{r,9o) 
the associated flow at time r. It identifies via contactomorphisms the fibers over G D^ and over 
(r, 6'o) G D^. Define the diffeomorphism: 

<P : FqX D"^ — > X 

{p,r,6) I — > <t>r,e{p)- 

Then the definition of the contact connection implies $*« — eS{ao + HdO), where g : M x D^ — > R 
and H : M X D^ — > M. are arbitrary smooth functions. We can choose as fibration form a' = e^^a 
and trivialize the fibration using $. Then we obtain the expression 

(1) <P*a' = (ao + Hde). 

Given a contact fibration over the disk, the trivialization constructed above is called radial. It is 
convenient to observe that the radial trivialization construction can be made parametric for families 
of contact fibrations over the disk. 
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1.3. Loops at infinity. Fix a contact fibration tt : X — s- §^ with distribution ^, fibre F and a 
point A^ G S^. Tlris point will be referred to as North pole or infinity. Define the restriction fibration 
TIN : X\tt-^{N) — > §2 \^ TV ^ p2 Trivialize the contact fibration ttn radially from S* = {0} £ D^ 
to obtain a new contact fibration tt : F x D^ — > ED^ with fibration form ao + HdO. Denoting by 
$ : F X D^ — > X \ Tr^^{N) the trivialization map, we obtain $*^ — ker{ao + HdO}. Therefore, the 
map is connection-preserving. Consider the family of loops 

9 ^ {r,e). 

Composing with the embedding B^ ^^ §^ , for r — > 1 , they are smaller and smaller loops around the 
North pole N € S'^. By Lemma 5, the parallel transport associated to the loop 7^ is generated by a 
family of Hamiltonians {Ggje^gi, defined by G^{p) = —H{p,r,9). The limit function 

Gg = lim Gg 

r ^1 

exists because the connection associated to ^ is a smooth connection over §^. It is clear that {Ge} 
defines a loop in Cont(M, ^0 — kerao)- This will be called the loop at infinity associated to (tt,^). 
Continuous families of contact fibrations with marked fibre produce continuous families of loops at 
infinity. 

Definition 6. A contact sphere is a smooth map e : §^ — ;■ C{M,^). 

There is a canonical contact fibration over §^ associated to any contact sphere e. It is defined as 

X = M x§2 — ^§2^ 
with the distribution at (p, z) e M x S^ being ^"{p, z) = e{z)p © T^S^ ^ j^^jy^ ^ y^g2^ 

Denote by C°°(S^, C(Af, ^)) the space of smooth maps from §P to C(M, ^). The smooth loop space of 
Conto(M,0 is denoted as f7(Conto(M,^),id). 

Lemma 7. The previous construction induces a continuous map 

C°°(§2,C(M,0) -^ n(Conto{M,£,),id). 

Therefore, it provides a morphism 

7r2(C(M,0)^7ri(Conto(M,0). 

1.4. Homotopy sequence. The group Diffo(M) acts transitively on C{M,^) because of Gray's Sta- 
bility Theorem. It is a Serre fibration with homotopy fibre Cont(M, ^) n Diffo(Af). This homotopy 
fibre might be disconnected. Its identity component is denoted by Conto(M, ^). Hence the fibration 
induces a long exact sequence 

(2) . . . ^ ^2(Difro(M)) -^ 7r2 (C(M,0) ^ ^i(Conto(M,0) -^ 7ri(Diffo(M)) -^ . . . . 
The map 82 is the one provided by Lemma 7. The study of this sequence will provide Corollary 2. 

Note that a geometric lifting map 

(3) ^AC{M,0) ^ ^,-i(Conto(Af,C)) 

can be analogously defined. It provides a geometric representative of the connecting morphism. This 
generalizes the previous constructions. It will be used in Section 4. 

2. Spheres in C{M,C) 

2.1. Almost contact structures. Let M be an oriented (2n + l)-dimcnsional manifold. Denote 
by Dist{M) the space of smooth codimension-1 regular cooriented distributions on M . Concerning 
orientations, an almost complex structure on a cooriented distribution will be positive if the induced 
orientation coincides with the prescribed one. Define the space of almost contact structures as 

A{M) ^ {(C,j) : C e Dist{M),j e End{0,f = -id,j positive}. 
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Given a contact structure ^ = kera, an almost complex structure j G End(^) is said to be compatible 
with a if it is compatible with the symplcctic form on the symplectic space (^, da). The space A{M) 
has a subset defined by 

AC{M,S,) = {(?7,j) : rj £ C(M, ^),j £ End(?7),j^ = —id,) compatible with a such that 77 = kera}. 

The space of almost complex structures compatible with a fixed symplcctic form is contractible. Thus, 
the forgetful map AC{M,£) — > C{M,£^) has a contractible homotopy fibre. Hence there exists a ho- 
motopy inverse 1 : C{M,^) — > AC{M,^) provided by the choice of a compatible almost complex 
structure on the contact distribution. 

Fix a point p G M and an oriented framing r : TpM -^^ R^"+^. Define the evaluation map 

e(p,,) : A{M) -^ ^(m2"+1), e(p,,)(C,i) - {Mp,<)p). 

This is a continuous map and thus induces e(p t) : tt2{A{M)) — > 7r2(y^(M^"+^)). Therefore, we obtain 

Hp.r) = e^p,r) ° 1* : MC{M,0) -^ 7r2(^(M2"+i)) 

Lemma 8. 7r2(^(K2"+i)) = Z. 

Proof. The space ^(M^"+^) is isomorphic to the homogeneous space SO{2n + l)/U{n). The standard 
inclusion S0{2n) — > SO{2n + 1) descends to a map 

S0{2n)/U{n) — > S0{2n + l)/U{n) 

with homotopy fibre §^". The long exact sequence for a homotopy fibration implies that 

7r2{SO{2n)/U{n)) '^ TT2{SO{2n + 1)/U{n)), n>2. 

It is simple to show that SO{2n+l)/U{n) is also isomorphic to SO{2n+2)/U{n+l). Since 50(4)/C/(2) 
is a 2-sphere, the statement follows. D 

Thus the evaluation map can be seen as an integer-valued map for 7r2(C(A'/, ^)). 

Lemma 9. The map £{p^T) ■ '^2{C{M,^)) — > Tr2{A{M.'^"^^)) is independent of the choice of p and t. 

Proof. Let p,q G M and Tp,Tq be oriented framings of TpM , TqM respectively. Consider a continuous 
path of pairs {(pt,Tt)} connecting {p,Tp) and (q,Tq). The continuous family of maps 

provides a homotopy between e(p^^ ) and e(q.T- ). D 

2.2. Linear Contact Spheres. 

Definition 10. A linear contact sphere is a contact sphere l : §^ — > C{M,(^) such that there exist 
three contact forms (q;o,ch,Q:2) satisfying 

l{p) = kcr(eoao + eiOfi + e2Q;2) 

for the standard embedding (60,61,62) : S^ — > M''. 

Remark 11. Such spheres can only exist in a {An + Z) -dimensional manifold. The fact that a and 
—a. do not induce the same volume form in dimensions congruent to 1 modulo 4 yields an obstruction 
for their existence. 

Note that for a 3-fold the triple (ao, oil, 012) constitutes a framing of the cotangent bundle. 

Lemma 12. Let M be a 3-fold and S a linear contact sphere. The class [S] G tt2{C{M,^)) is non- 
trivial and has infinite order. 

Proof. Let p G M be a point and consider the framing r — {ao,ai,a2)p. In the three-dimensional 
case ^(R^) is homotopic to a 2-sphere. This homotopy can be realized by projection tt onto the space 
of cooriented 2-plane distributions. The degree of the evaluation map is computed via 

g2 ^i^) _4(r^M) ^ DistiW") = §2 

z I — > eo{z)ao{p) + ei{z)ai{p) + 62(z)a2(]5) 1 — > (6o(z), 6i(z), 62(2;)). 
Being the identity, this map has degree 1. D 
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2.3. 3— Sasakian manifolds. Let us define a class of contact manifolds with natural linear contact 
spheres. 

Definition 13. Let (M^"^'^, g) be a Riemannian manifold. It is said to be 3-Sasakian if the holonomy 
group of the metric cone (C{M),g) = (M x R+, r^g + dr ® dr) reduces to Sp{n + 1). 

This implies that {C{M),g) is a hyperkahler manifold {C{M),g,I,J,K). The hyperkahler structure 
induces a 2-sphere of complex structures 

§2(g) = {eo/ + ei J + 62^ ■.el + el + el = 1}. 

Any such complex structure j G §^(5) endows {M x K+,5) with a Kahler structure, providing {M,g) 
with a Sasakian structure. The vertical vector field dr on M x R+ is orthogonal to M x {1} and the 
form a defined by a){v) = g{v,jdr) is a contact structure. Thus, a 3-Sasakian structure provides a 
linear contact sphere {aj}jes2(g) generated by ai,aj and ax- 
Theorem 14. Let M^"+'^ be a 3-Sasakian manifold. The class of the associated linear contact sphere 
is an element of infinite order in 7r2(C(M, ker(a/))). 

Proof. Let p ^ M and note that the 4n-distribution 77 = kcra/ n kera,/ n uk is (/, J, ii') -invariant. 
Thus, it can be identified with the quaternionic vector space H" by fixing a quaternionic framing 
V = {«!,..., w„}. This induces a real framing r — {v, Iv, Jv, Kv} for 77, identifying it with R**" 
endowed with the standard quaternionic structure. 

Consider the Reeb vector fields Rj, Rj, Rk associated to ai,aj, and a^. Extend the framing r to 
r = {t,Ri,Rj,Rk}. Interpret the space ^(M^^+S) as pairs of (w,j), where v e §4n+2 ^ ]g4«+3 jg ^ 
unit vector and j an almost complex structure in its orthogonal space. Define 

(4) h : ^(R4"+3) -^ J(m4"+^'' ©M), (v,)) ^ {J: (v)^ © (v) © (dt) -^ (v)^ © («) © (9*)} 

where the almost complex structure is j = —1 . This induces a morphism of second ho- 

motopy groups. Through the above identification the linear contact sphere generated by (a/, aj, a^^) 
evaluates in a sphere ((^/, /), (^j, J), (^k, -^)) £ »4(R''"+^). This sphere maps via (4) to the sphere of 
complex structures generated by the triple (/, J,K) in J'(M^"+"'). 

It is left to prove that the class of that sphere is an infinite order element of 7r2(5'0(4n + 4)/C/(2n + 2)). 
Let us write ?Ti = n + 1 to case the notation. The homotopy fibration 

U{2m) — > 5*0(4™) — > SO{4:m)/U{2m) 

induces an injection Tr2{SO(4:m)/U{2m)) — > TTi{U{2m}) = Z. 

Let {9,4)) e [0,27r] x [0,7r] be spherical angles. Define 

J0 — cosdJ + sinOK, / = cos </)/ + sin Jg , P^^^ = cos((/)/2)/ + sin((/)/2) Jg. 

The sphere is represented by /, we shall compute its image under the boundary morphism. Note that 
Pe,</. G 50(4771) and / = Pg ^IPe,^ ■ Further Pg,^, ^ Jg = (cosO ■ id + sin 61) J, with coaO ■ id + sin 61 £ 
U{2m) and J G S'0(4r7i). This decomposition provides a representative in 7r2(S'0(4TO)/C/(2r?2)). Thus 
the loop in T:i{U{2m)) is provided by cos9 ■ id + sin^J with 9 G [0,27r]. Since the identification 
'Ki{U{2m)) = Z is given by the complex determinant, the degree of the sphere is 2m. D 

The argument above applies to a broader class of manifolds: 

Definition 15. A contact manifold (Af, ^0) is said to possess an almost -quaternionic sphere if it 

admits a sphere S^ — ;■ C(M, ^0) such that: 

1) There exists a family {jjj}„g§2 compatible with the contact distributions ^p — ^{p), 

2) There exists a point q € M and a framing r for TqM such that Gq^ri^i^'^)) becomes the linear 
sphere associated to ((C/, /), (Cj, J), {^K,K)) G A{W^''+^). 

Corollary 16. An almost -quaternionic sphere inside a contact manifold {M, ^) generates a class of 
infinite order in 7r2(C(M, ^)). 
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3. Reeb Flow for Spheres 

Let us prove Corollary 2. The standard contact sphere will be denoted (§^"+^,^). The relevant 
case is that of the spheres S^^^^^ with k odd. Indeed, for the spheres 8^^^+^ with k = 2n the 
Reeb flow is non-trivial in 7ri(/S'0(4n + 2)) ^^ 7ri(Diffo(§''"+^)). Thus it cannot be contractible 
in Conto(M, ^) C DifFo(§^"~''"'^)- In order to conclude the case S^"+'^ we detail the construction in 
Sections 1 and 2. 

Consider the endomorphisms /, J, K of M^^"+^) obtained by direct sum of the corresponding endo- 
morphisms i,j,k of M^, satisfying the quaternionic relations 

i = j = k = ijk = — 1. 

The endomorphisms /, J, K anti-commutc and hence any of their linear combinations is a complex 
structure. Let e — (60,61,62) : §^ — > K'^ be the standard embedding of the 2-sphere in Euclidean 
3-space with azimuthal angle and polar angle (j): 

Co — cos 9 sin (j), 6i=sin0sin0, e2 — cos(j>, (6*, 0) G [0, 27r] x [0,7r]. 

A complex structure j £ End(R'^"^*) induces the real (4n + 2)-distribution 

of j-coniplex tangencies on the sphere §^"+'^. There exists a unique, up to scaling, C/(j,ri)-invariant 
1-forni Qfj such that kerofj = ^j. It is given by a(z) — z^jdz. We use the following three 1-forms 

Their respective Reeb vector fields i?Oj ^i E^nd R2 arc linearly independent and their flows are given 
by the family of rotations generated by /, J and K. Consider the l-form a ~ eocto + eiai + 32012- 
The form a is a contact form on §4n+3 ^^^ each value of e. Although not used in the rest of the article, 
it is simple to prove the following 

Lemma 17. (§^ x §''"+■', ker a) is a contact manifold. 

Let us compute the loop at infinity for the trivial contact fibration 

In the spherical coordinates above, we will obtain the loop at infinity corresponding to = tt. The 
contact connection allows us to lift a vector field X in the base S^. The lift X is the unique vector 
field on S^ x §4n+3 conforming the two conditions 

a{X) = 0, da{X, V) = 0, with V an arbitrary vertical vector field. 

Since uniqueness is provided once a solution is found, the following assertion can be readily verified 

Lemma 18. The lift of the polar vector field d^ to the contact connection given by a is 

X^ ^ dcf, + - {— sin 9Ro + cos 9Ri) . 

The Hamiltonian will appear once we pull-back the contact form a with the 7r-time flow of the lift X^/,. 
Consider the linear endomorphism Fg = ^ {—sm9I + cos9J). The flow associated to X^ induces a 
diffeomorphism between the central fibre {(j) — 0} and the fibre at an arbitrary (f>. This diffeomorphism 
can be expressed as 

^0 : §^"+3 -^ §^"+^ ^{p) ^ e^o^p. 
This is understood as a map in complex space C^"^^ restricted to the sphere. The theory explained 
in Section 1, in particular formula (1), implies that the pull-back will be of the form 0:2 + H{p, (j))d9. 
A computation yields 

Lemma 19. (pl{a) — a2 + sin^{4>/2)d9 

The loops correspond to the flow of the vector field associated to G = ~sin^{(j)/2). The loop at 
infinity has Hamiltonian G\cj,=Tr = — 1. Thus it is the Reeb flow. 

We have geometrically realized the boundary map of the long exact homotopy sequence (2). The 
non-contractibility of the Reeb flow will follow from an understanding of the contact sphere above 
and the group 7r2(Diffo(S''"^'^)). Regarding the former we have the following 
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Lemma 20. Let S be the sphere of complex structures 

S = {eo/ + ei J + e2K -.eeS^jCl SO{An + A)/U{2n + 2). 

1) S represents a non-trivial element o/7r2(S'0(4n + 4)/C/(2n + 2)) = Z. 

2) The image of S in C(S''"+^,^) generates an infinite cyclic subgroup in 7r2(C(§^"+'^,^)). 

Proof. Both statements follow from the argum.ent provided in the proof of Theorem 14. D 

Concerning the group DifFo(§^"+'^), the following lemma will suffice. 

Lemma 21. 7r2(Diff (§^"+3)) ® Q = /orn > 2. 

Proof. This is a result in algebraic topology. Let Diff o (D' , d) be the group of diffeomorphisms of the 
Z-disk restricting to the identity at the boundary. Note the homotopy equivalence 

Diffo(§') ~ SO{l + 1) X Diffo(©', a) 

and that 'K2{S0{1 + 1)) = since SO{l + 1) is a Lie group. Let 4>{l) = min{(/ - 4)/3, {I - 7)/2}. In 
the stable concordance range < j < (t){l) we have 

(5) 7rj(Diffo(©', a)) (g) Q = 0, if / even ot A )(i + l. 

See [We] for details. In particular 7r2(Diffo(]D'',5)) (g) Q = for Z > 11. We are thus able to conclude 

7r2(Diffo(S''"+^)) ® Q = 7r2(Diffo(D4"+3,a)) Q == 0, n > 2. 

For the case n — 2 we provide a more ad hoc argument. Let C(D^^) be the space of pseudo-isotopies 
for the disk D^^. There exists a homotopy fibration 

Diffo(Di^ d) — > C(©i^) — > Diffo(©", a) 

Algebraic K-theory implies 7riC(D") ® Q = 7r2C(D") ® Q = 0. Observe that (5) implies that 
7ri(Diff(]D)^^, d)) is a torsion group. The long exact homotopy sequence of the above fibration gives 

. . . ^ 7r2(C(B")) ^ ^2(Diffo(©", a)) A ^l(Diffo(©l^ a)) ^ ^i(C(P")) -^ ... 

This implies the short exact sequence of Abelian groups 

— > A — > 7r2(Diffo(©", 9)) — >B — > 0, 

where A = ker9 = imp2 and _B = imii = coker/92. Thus 7r2(Diffo(D^^, d)) is a torsion group. D 

Remark 22. The Smale conjeture Diffo(§3) '^ 50(4) holds for S^ , see [Ha]. 

In order to conclude Corollary 2 for §'^"+3 consider the class of the Reeb loop in 7ri(Conto(§^"^*^,^)). 
The construction explained above shows that it lies in the image of the boundary morphism 

d2 : 7r2(C(§4"+3,0) ^ 7ri(Conto(§4"+3,e)). 

If the Reeb class were to be zero the sphere S would lie in the image of 7r2(Diffo(S^""''"^)) in (2). 
Lemma 21 implies that such a sphere needs to be a torsion class if n > 2. Lemma 20 contradicts this 
statement. Thus proving Corollary 2. 

4. Higher homotopy groups 

The previous arguments can be modified for n-dimensional homotopy spheres. This allows us to 
conclude properties of the higher homotopy type of the contactomorphism group. Consider the 
evalution map 

ep,r:A{M) ^^(R2"+1). 

Composition with the homotopy inverse i : C{M) -^ AC{M) defines higher homotopy maps 

7:k{ep,r o i) : ^fc(C(M)) -^ 7rfe(^(M2"+i)), fc > 1. 
Let us provide a simple application. Define the natural inclusion 

Lemma 23. The map ij is a homotopy inclusion. 
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Proof. Consider the following chain of maps 

The definition of each map implies c = id. Therefore, it induces the identity in homotopy: 

7rfc(c) =: Id : 7rfc(J(R ^ )) — > T^k\Cih, ^ ),£,) — > T^k\A[M. ^ )) — > 7rfe(J(R ^ )). 
Thus the map ij induces an injection iTkiij), V/c > 0. D 

This lemma can be combined with results on the homotopy type of the group DifF(S2"^^). We can 
then conclude the existence of infinite order elements in certain homotopy groups of Cont(§2""'"^,^). 
Among many others, a simple instance is the following 

Lemma 24. The group 7r5(Cont(§2"^^,^)) has an element of infinite order, for n > 12. 

Proof. Using the connecting map Sg, as described in equation (3), the statement is reduced to the 
following two assertions: 

- 7r6(J(M2")) = ne{S0{2n)/U{n)) = Z and therefore, by Lemma 23, rk(7r6(C(§2"-\0)) > 1- 

- 7r6(Diff (§2"^^)) eg) Q = 0, for n > 12. This is again a consequence of the results in [We]. 

n 

Bott Periodicity Theorem allows us to apply the same argument to infinitely many other homotopy 
groups of Cont(§2"^^,^). These techniques can be adapted for general contact manifolds as long as 
there is a partial understanding of the homotopy type of their group of diffeomorphisms. 
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